Two planar supersymmetric quantum mechanical systems built around the quantum integrable Kepler/Coulomb and Euler/Coulomb problems are analyzed in depth. The supersymmetric spectra of both systems are unveiled, profiting from symmetry operators not related to invariance with respect to rotations. It is shown analytically how the first problem arises at the limit of zero distance between the centers of the second problem. It appears that the supersymmetric modified Euler/Coulomb problem is a quasi-isospectral deformation of the supersymmetric Kepler/Coulomb problem.
Introduction
During the last forty years a very interesting jump from symmetry to supersymmetry has taken place, determining theoretic particle spectra in quantum field theories with extremely appealing characteristics, see e.g. [1] . Unlike many quantum field theoretical models, the supersymmetric systems are frequently amenable to non-perturbative treatments, see e.g. [2] , but the main feature is that fermions and bosons are jointly assembled in multiplets, a fact, although suggestive, that has not yet experimentally confirmed. Thus, mechanisms of spontaneous supersymmetry breaking must be investigated in the search for explanations of the apparent lack of supersymmetry in nature. In a series of papers, Witten, [3] , [4] , and [5] , proposed the analysis of this phenomenon in the simplest possible setting: supersymmetric quantum mechanics. A new area of research in quantum mechanics was born, with far-reaching consequences both in mathematics and physics. The relation between the Dirac operator in electromagnetic and/or gravitational fields -the supercharge -with the Klein-Gordon operator -the supersymmetric Hamiltonian -provided a guide for the building of supersymmetric quantum mechanical systems. The factorization method of identifying the spectra of Schrodinger operators by means of first-order differential operators, see [6] for a review, is another antecedent of supersymmetric quantum mechanics that can also be traced back to the 19th century through the Darboux transform [30] . In its modern version, supersymmetric quantum mechanics prompted the study of many one-dimensional systems from a physical point of view. A good deal of this work can be found in References [7] , [8] , [9] , [10] . Several examples of this structure with emphasis in the semi-classical behavior of non-harmonic oscillators have been worked out in [11] .
The formalism of physical supersymmetric systems with more than one bosonic/fermionic pairs of degrees of freedom was first developed by Andrianov, Ioffe and coworkers in a series of papers, [12] , [13] , published in the eighties. Factorability, even though essential in Ndimensional SUSY quantum mechanics, is not so effective as compared with the one-dimensional situation. Some degree of separability is also necessary to achieve analytical results. For this reason we started a research program in the two-dimensional supersymmetric classical mechanics of Liouville systems, [16] ; i.e., those systems separable in elliptic, polar, parabolic, or Cartesian coordinates, see papers [17] and [18] . We therefore follow this path in the quantum domain for Type I Liouville models in [19] .
Nevertheless, the authors from Saint Petersburg University mentioned above considered from the earlier eighties higher-than-one-dimensional SUSY quantum mechanics from the point of view of the factorization of N-dimensional quantum systems, [14] , [15] . Ioffe et al. also stud-ied the interplay between supersymmetry and integrability in quantum and classical settings in other types of model in References [20] , [21] , [22] . In these papers, a new structure was introduced [29] : second-order (and higher-order) supercharges provided intertwined scalar Hamiltonians even in the two-dimensional (and higher-dimensional) case, see the review papers [23] and [24] . This higher-order SUSY algebra allows for new forms of non-conventional separability in two dimensions. There are two possibilities: (1) a similarity transformation performs the separation of variables in the supercharges and some eigen-functions (partial solvability) can be found, see [25] , [26] . (2) One of the two intertwined Hamiltonian allows for exact separability: the spectrum of the other is known, [27] , [28] .
Our purpose in this paper is to describe planar supersymmetric systems -two bosonic/fermionic pairs of degrees of freedom -such that the Bose-Bose and Fermi-Fermi (scalar) Hamiltonians will be separable. In Reference [31] Eisenhart classified all the quantum systems with separable Schödinger equations in Cartesian, polar, parabolic, and elliptic coordinates. We shall address two planar supersymmetric separable systems, one in polar, the other in elliptic coordinates.
We shall first consider the planar supersymmetric Kepler/Coulomb problem showing the separability in polar coordinates. We strongly rely on the work by Wipf et al in papers [42] , [43] where they solve this problem in any dimension D by finding a supersymmetric matrix Runge-Lenz vector and describing algebraically the spectral problem in terms of the irreducible representations of SO(D + 1). Instead we shall attack the spectral problem in the Bose-Bose sector, finding the bound state energies in terms of the Casimir eigenvalues of the irreducible representations of SO (3), whereas the eigenfunctions are generalized Laguerre polynomials. The scattering eigenfunctions in this sector, as well as in the Fermi-Fermi sector, are generic confluent hypergeometric functions given in terms of infinite series. By acting with the supercharges, we provide in turn both the bound state and scattering eigenfunctions in the Fermi-Bose Sector. We remark that, following a previous work on the supersymmetric classical Kepler/Coulomb problem, [44] , Heumann chose another superpotential [40] leading to a supersymmetric quantum mechanical system where the Runge-Lenz vector is no longer an invariant even in the Bose-Bose and Fermi-Fermi sectors.
In the second half of the paper we study a supersymmetric quantum mechanical system built from the classical Euler problem: a light particle moving in the gravitational field created by two fixed Newtonian centers of force restricted to the plane of the centers [45] . Besides Euler, this system attracted the interest of investigators of stature such as Lagrange, Jacobi, Liouville, Darboux and others, see [45] to read a brief history of the subject, on a double front: 1) because of the potential applications in celestial mechanics, e.g., as an intermediate step in the three-body problem. 2) Because the Euler problem was a playground where the ideas of integrability, curvilinear coordinates, Hamilton-Jacobi separability, of such importance in classical dynamics, were tested. All this was imported by Pauli [46] to the quantum domain in his research on the spectrum of the H + 2 hydrogen ion molecule. A Chapter of Pauling and Wilson's book on Quantum mechanics [47] is devoted to the developments in this quantum problem up to the mid thirties of the past century.
We shall address a supersymmetric quantum mechanical system such that the scalar Hamiltonians in the Bose-Bose and Fermi-Fermi sectors are related to the quantum mechanical Euler/Pauli Hamiltonian. We are guided by the separability of the Schrödinger equation in elliptic coordinates: half the sum and half the difference of the distance to the centers. This is the main property of the Euler-Pauli Hamiltonian allowing for its integrability. We choose our scalar Hamiltonians fulfilling this property but supersymmetry requires the energy to be nonnegative. We are forced to add a "classical" piece to the EP potential energy that pushes the ground state energy to zero. All this is achieved by the choice of a superpotential inspired in the Ioffe/Wipf et al superpotential for the supersymmetric Kepler/Coulomb problem (our 2 N = 2 supersymmetric planar quantum systems 2.1 N = 2 two-dimensional SUSY quantum mechanics
In this type of quantum mechanical systems there are two pairs of canonically conjugated Bosonic operators -giving the position and momentum of the particle -that we choose in coordinate representation:
There are also two pairs of Fermionic operators -of physical dimensions:
2 -taking care of the Fermionic degrees of freedom of the system. The Fermi operators satisfy anticommutation relations of the form:
showing that one operator is canonically conjugated to its adjoint operator. The Fermionic Fock space is built from the vacuum state:ψ k |0 = 0 , ∀k = 1, 2, the two degrees of freedom being in Bosonic states because |0 is an eigenstate of zero eigenvalue of the Fermi number operatorN = 2 k=1ψ † kψ k :N |0 = 0|0 . The creation operators acting on |0 bring the system into one-particle statesψ † k |0 = |1 k , where one of the two degrees of freedom becomes Fermionic:N |1 k = |1 k . The two-particle state -the two degrees of freedom in Fermionic statesN |1 1 1 2 = 2|1 1 1 2 -are then obtained in a dual way related by Fermi statistics:
The ortho-normality relations
allow us to write the more general state in this finite Fermionic Fock space F = F 0 ⊕ F 1 ⊕ F 2 in the form:
The supersymmetric space of states is the direct product of F with the Hilbert space L 2 (R 2 ):
The supersymmetric wave functions read:
The standard procedure for introducing supersymmetric dynamics in this setup runs as follows: One first defines the supercharges 4 ,
of physical phenomena. where
is a real function called the superpotential. 
The super-Hamiltonian is defined to bê
Therefore, the transformations generated byQ andQ † are symmetries -called supersymmetries -of the dynamical system and the supercharges are themselves constants of motion. Because [Ĥ,N ] = 0, there is a Z 2 -grading of the dynamics given by the Klein operatorF = (−1)N :
In the classification of Supersymmetric Quantum Mechanics given by Kibler et al. in [50] our formalism ranks in the class of a complex super-charge,Q, with an involution operatorF 2 = I. It is also shown in Reference [50] that it is equivalent to another supersymmetric system with two real supercharges: this is the reason for the N = 2 in the title.
Clifford algebra representation
In order to skip abstract ket/bra Dirac algebra we represent the Fermi operators by means of the generators of the Clifford algebra of R 4 :
One can check that this is a minimal realization of the Fermionic anticommutation rules (1) and the Fermionic Fock space becomes the space of four-component Euclidean spinors with basis:
The supercharges are 4 × 4-matrices of differential operatorŝ
The super-Hamiltonian is also a 4 × 4-matrix of differential operatorŝ
with a block-diagonal structure inherited from the eigen-spaces of the Fermi number operator:
Thus, in theF = +1 eigen-sectors of SH the Hamiltonian act by means of the scalar ordinary Schrödinger operators:
In SH 1 , however, the super-Hamiltonian reduces to the 2 × 2-matrix Schrödinger operator:
We see that all the interactions come from the gradient and the second-order partial derivatives of the superpotential.
3 The planar quantum Kepler/Coulomb problem and supersymmetry
Our first goal in this survey is the development of this formalism encompassing the Hamiltonian of the Kepler-Coulomb problem.
The quantum Kepler/Coulomb Hamiltonian
We recall that the Kepler/Coulomb Hamiltonian describing the quantum dynamics of oneelectron atoms is:
We re-scale positions and momenta to new variables
T . By this token we see that the parameters m (particle mass) and α 2 (strength of the coupling) factor out in the new Hamiltonian
and their only physical rôle is to set the energy scale.
It is well known that this problem is superintegrable : The angular momentum -one scalar in the plane-L
and the Runge-Lenz vector -two components in the plane-
We remark that in our variables the physical dimensions of these operators
and recall that they close the SO(3) Lie algebra in the space of negative energy (bound states) eigen-functions ofKψ E = Eψ E , E < 0:
Moreover, because the SO(3) Casimir operator iŝ
and we haveÂ
the Hamiltonian is given in terms ofĈ
such that the SO(3) symmetry is not Nöetherian but a dynamical symmetry. One finds immediately the bound state eigenvalues
which must be multiplied by mα 2 to find the physical bound state energies. The bound state eigenfunctions, the SO(3) irreducible representations, will be given in the next subsection.
The supersymmetric Kepler/Coulomb Hamiltonian
The superpotential proposed by Ioffe et al in [15] and Wipf et al (independently) in [42] to build the supersymmetric version of the Kepler/Coulomb problem is 5 :
5 In [40] Heumann proposed another superpotential which spoils the Runge-Lenz vector conservation.
We also re-scale the Fermi
is a "hedgehog" projection of the spin variables over the R 2 -plane. Explicitly,
The supersymmetric Kepler/Coulomb Hamiltonian reads:
whereas the scalar Schrödinger operators in the Bosonic sectors are:
Thus,Ĥ 0 is exactly the Kepler/Coulomb Hamiltonian plus a constant needed to set to zero the energy of the Bosonic ground state (zero mode); recall that supersymmetry forbids negative energy eigen-states.Ĥ 2 , however, is also (modulo a constant) the Kepler/Coulomb Hamiltonian for a particle of opposite electric charge, say a positron. The force is repulsive and there will only be scattering states. The matrix Schrödinger operator -already given in [15] circa 1984 -acting in the twodimensional sub-space of the Fermionic Fock space such thatN = 1 is:
3.3N = 0 bound state eigenfunctions ofĤ TheN = 0 bound state eigenfunctions ofĤ are exactly the eigenfunctions ofĤ 0 , which are the same as the bound state eigenfunctions ofK with displaced eigenvalues:
Because of the dynamical SO(3) symmetry ofĤ 0 , the bound state eigen-functions, which are degenerated in energy, form irreducible representations characterized by two integer or halfinteger numbers, j and m, providing the eigenvalues of the Casimir operator andM 3 in common eigen-kets:
Using polar coordinates r = + x
in coordinate representation the eigenwave functions are of the form: ψ
jm (r, ϕ) = r; ϕ|j; m . It is not difficult to identify the highest weight eigen-wave functions in each irreducible representation. LetM + =M 1 + iM 2 be the up-stairs ladder operator
which annihilates the highest weight state:
This first-order ODE is easily integrated
} and the normalized highest weight wave functions are:
.
The down-stairs ladder operatorM − =M 1 − iM 2 in polar coordinates reads:
From the Lie algebra we see that
and from the ansatz ψ
2 (2j+1) e imϕ , where the N j−|m| are normalization constants, the recurrence relations
follow. Therefore, theN = 0 bound state eigen-functions are:
In (4) we have the Kummer confluent hypergeometric functions 1 F 1 for those values of a and b such that the series
truncate to generalized Laguerre polynomials:
In sum, theN = 0 bound state eigen-functions of the planar supersymmetric Kepler-Coulomb problem are organized as (degenerated in energy multiplets) irreducible representations of SO (3) in
Ortho-normality and lower energy levels
It is easy to check that the following ortho-normality relations hold:
Note that in the case of one integer j 1 and one half-integer j 2 pairing it is necessary to integrate the ϕ variable over 4π because of the double-valued representation. We now offer two Tables with the lower energy multiplets, their 2D (cross-sections) and 3D plots:
Energy
Eigen-function 
3.4N = 1 bound state eigenfunctions ofĤ
The supersymmetric partner eigen-states belonging to SH 1 with the same energies are of the form: Table 1 : 3D Plots and cross-sections of the probability densities:N = 0.
Therefore,
The normalized eigenspinors ψ
satisfy the spectral conditionĤ ψ
jm (r, ϕ) and form an orthonormal basis in SH 1 .
Specifically, these two-component wave functions are linear combinations of two contiguous generalized Laguerre polynomials. The reason is thatQ does not commute with the generators of the SO(3) symmetry: [M a ,Q † ] = 0, ∀a = 1, 2, 3. Therefore, theQ † action does not respect the SO(3) irreducible representations. Nevertheless, the spinorial wave functions are characterized by the quantum numbers j and m, although the degenerated multiplets do not form irreducible representations of SO(3). We show next the lower spinorial probability densities: Table 2 : 3D Plots and cross-sections of the probability densities:N = 1.
Scattering states and supersymmetric Hodge spectral decomposition
On positive energy eigen-functions of the Kepler-Coulomb HamiltonianK the normalized components of the Runge-Lenz vector and the angular momentum close the SO(2, 1) Lie algebra:
To search for the scattering wave functions in SH 0 , the eigenfunctions ofĤ 0
we profit from the fact that the spectral problem is separable into polar coordinates. The ansatz ψ (0)
E (0) (r)e imϕ leads to the ordinary differential equation
r we find the Bosonic scattering solutions
in terms of Kummer confluent hypergeometric functions. Simili modo, we identify the scattering wave functions in SH 2 , the eigenfunctions ofĤ 2 :
The potential being repulsive, there are no bound states in SH 2 . The supersymmetry algebra now allows us to identify all the solutions of the supersymmetric spectral problemĤψ E = Eψ E from the eigenfunctions ofĤ 0 andĤ 2 with non-zero eigenvalue. The key observation is that there are two kinds of non-zero (strictly positive energy) eigenfunctions ψ
The structure of the spectrum is as follows:
• Ground states.
There is a unique ground state -that belongs to SH 0 and hence Bosonic-of zero energy E
• There existQ † -exact eigenstates of three types 1.Q † -exact -henceforth, living inQ † SH -bound state eigen-spinors that belong to
2.Q † -exact -henceforth, living inQ † SH -scattering eigen-spinors that belong to SH 1 :
3.Q † -exact -henceforth, living inQ † SH -scattering wave-functions that belong to SH 2 :
• There existQ-exact eigenstates also of three types 1.Q-exact bound states -henceforth belonging toQSH-but living in SH 0 :
2.Q-exact -henceforth, living inQSH -scattering wave-functions that belong to SH 0 :
3.Q-exact -henceforth, living inQ † SH -scattering eigen-spinors that belong to SH 1 :
Because the eigenfunctions form a total set in each sub-space we have the decompositionà la Hodge of the supersymmetric space of states: 
Spin-statistics structure of the supersymmetric Kepler/Coulomb problem
We have unveiled the spectrum of the planar supersymmetric Kepler/Coulomb problem solving the spectral problem of the two scalar Hamiltonians and using the supersymmetry algebra to obtain the eigenfunctions of the matrix operator. It is convenient, however, to look at the system as a whole, i.e., search directly for the spectrum of the 4 × 4-matrix supersymmetric Hamiltonian operator.
With this goal in mind we define the "spin" operator
andN share eigenstates fulfilling a quantum mechanical spin-statistics theorem. The Bosonic eigenstates ofN are zero spin eigenstates of , whereas the Fermionic eigenstates ofN are one-half spin eigenstates of
Note
Therefore We have two Clifford supersymmetric operators commuting with each other:Ĥ andĴ. The supersymmetric system as a whole is integrable. Now, the challenge is to find more Clifford differential operators commuting with the Hamiltonian. In [42] the authors found the supersymmetric version of the Runge-Lenz vector operator -henceforth, the supersymmetric KLPW vector operator-:
One could guess the step fromL toĴ and the need for the factorX is also no surprise given its rôle in the supersymmetric HamiltonianĤ. A long computation ensures that the two components of this 4 × 4-matrix vector differential operator will indeed commute with the Hamiltonian and with the Fermi number operator:
Some work is also necessary to check that
Lie algebra is now closed -in the sub-space of states of energy in the range E ∈ (0, . In [42] the authors were able to find:
j , the bound state energies paired through supersymmetry in SH 0 and SH 1 , reappear. 
The quantum Euler/Coulomb Hamiltonian
The quantum Euler Hamiltonian is:
Here, (x ± 1 = ±d, x ± 2 = 0) are the locations of the centers in the x 1 -axis, and α 1 = α ≥ α 2 = δα are the center strengths. With no loss of generality, we assume δ ∈ (0, 1] affording hetero-nuclear one-electron diatomic molecular ions. Thus, the strengths depend on the atomic numbers Z 1 and Z 2 of the atoms and the δ parameter is a positive rational number less than or equal to one:
Finally, the distances of the particle to the two centers are:
Unlike in the Kepler/Coulomb problem there is a parameter with dimensions of length in the system: the distance between the centers d. This allows us to use non dimensional spatial coordinates:
Note that there is also a fundamental action √ mdα built from the parameters of the system that provides a non dimensional Planck constant:¯ = √ mdα . Assembling all this together, the linear momentum and Hamiltonian operators go top i → mα dp i andÎ 1 → α dÎ 1 , where the new non dimensional operators are:
In this problem there is a non-obvious symmetry operatorÎ 2 → mdαÎ 2 where the non dimensional operator reads [16] :
Just as the Runge-Lenz vector is quadratic in the momenta but unlike in the Kepler/Coulomb problem there are no more invariants in the Euler system which, accordingly, is only integrable. Explicitly,
and a little algebra shows that:
Separability of the Schrödinger equation in elliptic coordinates
Because of the quadratic in the momenta symmetry operator, we expect that the Schrödinger equation will be separable in some coordinate system on the plane. To skip the singularities in the centers one can cover the plane by two open charts: the first chart is the open set
where S is the open South hemisphere. Both charts must be glued at the abscissa axis x 2 = 0. Totally adapted to this topological situation are the elliptic coordinates; the half-sum and half-difference of the distances to the centers of the particle:
that parametrize a two dimensional infinite strip E 2 . The Cartesian coordinates are obtained through the change
which is a two-to-one map -one per chart-from R 2 to E 2 except at the x 2 -axis, which is oneto-one mapped at the boundary of E 2 :
The Euler Hamiltonian in elliptic coordinates is of the separable form
and the symmetry operator also separates:
The ansatz ψ E (u, v) = η E (u)ξ E (v) converts the spectral problem
into separable:
The Schödinger PDE equation (6) becomes the two coupled ODE's (7)- (8) where the separation constant I is the eigenvalue of the symmetry operatorÎ = −2Î 1 − 2Î 2 . We could try to solve (7)-(8) directly but we still perform the following change of variables:
Equation (7) becomes the Razavy equation (10) [48] , and (8) becomes the Razavy trigonometric (11) or Whittaker-Hill equation [49] :
The parameters in the Razavy equations (10) and (11) are defined in terms of the energy and the eigenvalue of the symmetry operator in the form:
We stress the following subtle point: the Razavy equations are defined for fixed ζ, M , and λ or for fixed β, N , and µ. We obtain, however, Razavy equations for parameters determined from E and I. Therefore, we address an infinite number of entangled Razavy and Razavy trigonometric equations. In Reference [38] it is shown that the Razavy and Whittaker-Hill equations for M and N positive integers are quasi-exactly solvable (QES) systems and all the finite solutionspolynomials times fast decreasing exponentials-are found by algebraic means. Our strategy will be to use this information in the search for the bound state eigenvalues and eigenfunctions of the Euler/Pauli Hamiltonian. Our results have been partially published in [52] . Thus, we shall not repeat the analysis here. Instead, we shall develop the program in the supersymmetric version of the Euler problem.
The supersymmetric modified Euler/Coulomb Hamiltonian
In [52] we gave arguments for selecting the following superpotential
in order to develop a supersymmetric quantum mechanical system from two fixed centers containing a mild deformation of the Euler/Coulomb system in theN = 0 sector. In fact, from the superpotential partial derivatives
(1 + δ)
we obtain first the supercharges. In turn, the scalar Hamiltonians, 
are derived. Now, the rationale for the choice of the superpotential (12) is clearer: at the limit where the two centers are superposed, d = 0 and r 1 = r 2 , the superpotential, the supercharges and the superHamiltonian become those of the supersymmetric Kepler/Coulomb problem (with non-dimensional strength 1 + δ instead of 1). In this one-parametric deformation of the Kepler problem a very subtle conundrum arises. In the Kepler/Coulomb case, the non-supersymmetricK and theN = 0 scalarĤ 0 Hamiltonians only differ in the shift by a constant necessary to push the ground state energy to zero as required by supersymmetry. In the Euler/Coulomb case,Î 1 andĤ 0 differ in a non-constant potential such that in the Kepler limit becomes the constant shift 7 :
The rôle of this potential is to shift the negative bound state energies in a harmless way:Ĥ 0 , likê I 1 , still admits a symmetry operator that is quadratic in the momenta and the supersymmetric spectral problem in SH 0 is still separable in elliptic coordinates !! In other words, we choose the superpotential in such a way that the separability in elliptic coordinates ofĤ 0 is preserved even though we must add a "classical" piece -important when¯ tends to 0 -to the Euler/Coulomb non-supersymmetric Hamiltonian. In fact,Ĥ 0 and the symmetry operatorÎ 2 in elliptic coordinates are still of the form
The separation ansatz ψ
E (v) plugged into the supersymmetric spectral problem in theN = 0 Bosonic subspacê 7 We temporarily come back to dimensional coordinates in order to see the limit. 8 Obviously, the same situation happens in theN = 2 sector.Ĥ 2 andÎ (2) 2 are given in the same way in terms ofĤ reduces the PDE Schrödinger equation to the system of separated ODE's
where the separation constant I is the eigenvalue of the symmetry operatorÎ = −2Ĥ 0 − 2Î (0) 2 .
Bound states from entangled Razavy and Whittaker-Hill equations
The change of coordinates (9) transforms (15) and (16) respectively in the Razavy and WhittakerHill (three-term Hill) equations
where the parameters are now:
) .
Eigenfunctions from the Razavy equations
In [38] it is shown that the Razavy equation (17) is a quasi-exactly solvable algebraic equation that admits n + 1 finite (polynomial times decaying exponential) solutions if M = n + 1 and n ∈ N is a natural number. Moreover, there are n + 1 solutions for n + 1 different values of λ characterized by an integer m = 1, 2, 3, · · · , n + 1. All the eigenvalues between 0 and
of the supersymmetric modified Euler/Coulomb spectral problem in SH 0 are obtained in this way:
Concerning the eigenfunctions, we search for solutions of the M = n + 1 Razavy equations by means of the series expansion 9 :
where P k (λ) are polynomials of order k in λ to be fixed. The ODE Razavy equation is then solved if the following three-term recurrence relations among the polynomials hold:
In particular, if λ nm , m = 1, 2, · · · , n + 1, is one of the n + 1 roots of P n+1 , P n+1 (λ nm ) = 0, then
and the series truncates. The degeneracy in the energy is broken by the eigenvalues I of the symmetry operatorÎ (0) 2 provided by the roots λ nm in the form
which distinguishes between the different polynomials P m (λ nm ). We solve the finite-step recurrences for the lower-energy cases
• n = 0:
• n = 1:
• n = 2 and show the results for the lower eigenvalues and eigenfunctions in the next Table: Energy Eigen-function Separation constant 
Contribution from the Whittaker-Hill equations
For these values of the eigenvalues E n and I nm two of the parameters of the Whittaker-Hill equations (18) become:
but the other one
is not a positive integer if n ≥ 1 and δ = Z 2 Z 1 . The existence of solutions of the equation
over positive integers n and k would be necessary to simultaneously find M = n + 1 and N = k + 1. It is clear that this is not the case and there are no finite solutions other than the ground state in the supersymmetric two-center problem. The analogous equation in the non supersymmetric case is:
which admits solutions for positive integers n and k found by Demkov and his colleagues over forty years ago, see [54] and, e.g., [55] .
01 = 0, however, the Whittaker-Hill equation is also QES, see [39] , with a unique finite wave function:
The analytic wave function of the ground state in the SH 0 sector is:
; (19) thus, there is a normalizable Bosonic zero energy ground state, a zero mode ψ
01 (u, v), in the supersymmetric two-center system. Supersymmetry is not spontaneously broken.
In the WH equation for the above parameters we could try a solution of the form [39] :
, which solves (18) if the "recurrence" relations between the Q-polynomials hold:
This strategy, however, is not useful in this situation because the WH equations are not QES if n ≥ 1 (N = k + 1). Instead, we consider the WH equations in their algebraic form:
We encounter fourth-term recurrence relations, a difficult situation to deal with, although the two basic solutions are easily characterized:
These series converge in the open (−1, 1) interval and are extended to cover the singularities v = ±1 setting the values:
The series for the ground state, for instance, are easy to find:
Any other solution of the WH equations is obtained by specific linear combinations of the two basic solutions. We will choose linear combinations of the general form
In fact, any choice of (c + , c − ) ∈ C 2 in (22) fixes the extension to the boundary of the elliptic strip
nm (u, ±1). We remark that these extensions are not essentially self-adjoint in general; different eigenfunctions have a small overlap for generic values of¯ .
Two centers of the same strength
In the case δ = 1 when the strength of the centers is identical the supersymmetric spectral problem in SH 0 simplifies remarkably:
Again, (23) is equivalent to a Razavy equation
with parameters
after the change of coordinates: u = cosh2x.
The v-equations (24), however, become the Mathieu equations
under the change: v = cos2y. The strategy to solve these two entangled equations is the same as in the case of two centers of different strength. First, we search for finite solutions of the Razavy equation. The procedure is identical and we only need to replace δ by 1 in the formulae of the previous Section §. 4.5. We now have
where λ nm , m = 1, 2, · · · , n + 1 are the roots of the polynomials P n+1 (λ) that cut the series. We thus show the results for the lower eigenvalues and eigenfunctions in the next Table: Energy Eigen-function Separation constant
Nothing new with respect to the non equal centers case.
Contribution from the Mathieu equations
The novelty comes from the Mathieu equations: unlike the Whittaker-Hill equations these equations are never quasi-exactly solvable -there are no finite solutions whatsoever-but, instead there are lots of solutions that can be described analytically in terms of the Mathieu sine and cosine special functions.
As
If the two centers have the same strength an important discrete symmetry arises: the r 1 ↔ r 2 exchange is not detectable.
is a symmetry of the system and we remain with the only invariant solutions ξ (1) 01 (y) = B under this transformation. There are only two independent choices: B = 1 and B = 0. The first choice is "even" in v, the second choice is "odd" in v but negligible. The zero energy ground state is therefore built from the even v-independent wave function:
. The parameters of the Mathieu equations determined by the spectral problem for positive energy (n ≥ 1) are:
The v ↔ −v symmetry of equation (24) is translated into the y ↔ y + nm (−v) also solves (24) . In [52] we chose even and odd in v combinations of the Mathieu functions, a situation closely related to the hidden quantum supersymmetry in Bosonic systems unveiled in [51] . Instead, here we choose the combination and offer a Table showing the probability densities of some eigenfunctions for several values of¯ . For instance,¯ = 0.7 is the value of this non-dimensional parameter for the hydrogen molecule ion.¯ = 114, 7 corresponds to the ionized helium atom; note that the radius of the nuclei is of the order of 10 −15 cm, etcetera. One notices that the smaller¯ is, the more classical is the system, the wave functions being more concentrated around the centers.
4.7
Comparison between the N = 2 supersymmetric and the N = 0 spectra
The energy spectra of the Euler Hamiltonian -given by the solution of the system of equations (7), (8) The degeneracy of the nth level is n + 1 in both cases and it is split by the eigenvalues of the symmetry operator, respectivelyÎ andÎ (0) .
As in the supersymmetric Kepler/Coulomb problem there are bound states in SH 1 of the form: ψ
nm (r 1 , r 2 ) , n ≥ 1 , m = 1, 2, · · · , n + 1 . Unlike in the supersymmetric Kepler problem, there is one zero energy wave function in SH 1 . Coming back to dimension-full coordinates and parameters, it is:
here, the " − " sign occurs for x 2 > 0 whereas the " + " sign arises when x 2 < 0. In the limit where the two centers coincide this wave function becomes:
and we observe that its norm diverges:
where K 0 (z) and I 0 (z) are respectively the first-order modified Bessel functions, see [19] . Thus, we confirm that there is no fermionic zero mode in the SUSY Kepler problem. Note that ground states in that problem must live in the scalar representation of SO(3).
The comparison between the Bosonic and Fermionic zero modes can be seen in Table 4 , where the center on the right is twice as strong as the center on the left and δ = 1 2 . In the Bosonic ground state the electron is concentrated around the stronger center for small¯ but becomes spread over the two centers when¯ increases. In the Fermionic ground state the superparticle behaves in the opposite way!: for small¯ it is concentrated in the weaker center and two peaks on the two centers arise for larger¯ . Moreover, for any value of¯ the probability density of the ground state in SH 1 is always peaked at the centers. In any other respect, i.e., concerning the scattering solutions with energy greater than
2 , the structure of the spectrum is qualitatively identical to the spectrum of the supersymmetric Kepler problem. There are scattering states in SH 0 paired via theQ † supercharge to scattering states in SH 1 and scattering states in SH 2 paired via theQ supercharge to scattering states in SH 1 . All this is depicted schematically in Figure 3 :
Two centers collapse in one center
In this Section we shall analyze how the two main spectral problems described respectively in sections §.3 and §.4 are connected. The link appears at the d = 0 limit of the two-center problem. In order to go to this singular limit of the modified Euler/Coulomb problem it is Table 4 : N = 2 supersymmetric zero modes. necessary to restore full dimensional variables. Thus, with no change of notation the parameters and physical variables to be dealt with in this Section have the proper dimensions. We shall perform the limit in the case δ = 1 because we have full analytical information for two equal centers.
• We start from the ground state characterized by: n = 0 and m = 1. The eigenvalues of the Hamiltonian and the symmetry operator, the Mathieu parameters, and the ground state wave function, are respectively:
At the d → 0 limit we have:
and the ground state of the one-center problem with twice the electric charge appears in the d = 0 limit.
• We next consider the doublet labeled by n = 1, m = 1 and m = 2. The eigenvalues of the Hamiltonian and symmetry operators are:
The corresponding Mathieu parameters and eigenfunctions read:
we find Again we find that the eigenvalue of the Hamiltonian operator remains the same at the d = 0 limit, the eigenvalues of the symmetry operator go to the eigenvalues of the square of the angular momentum, and the wave functions become the eigen-functions of the Kepler/Coulomb problem with spin of one-half. Note that we have used: Probability density
Two Centers
Collapse of two centers of different strength
When the two centers have different strengths, δ = 1, the one center collapse happens exactly in the same way as compared to the equal two-center collapse because lim d=0 B nm = lim δ=1 B nm = 0. Id est, when the charges are superposed the only things that matter is the total charge. We now offer this analysis for completeness which will shed light on the physical nature of the recurrence relations (20) and the basic solutions (21) of the Whittaker-Hill equations. Because we prefer to deal with power series with purely numerical coefficients, we shall stick to nondimensional v-variables and put all the physical dimensions back in the u-dependent part of the wave functions. We recall that:
are the non-dimensional parameters of the algebraic WH equations.
• Start with the ground state: n = 0, m = 1. The values
, and C 01 =
means that the recurrence relations (20) are solved by c 
It is clear, like above, that now
00 (r, ϕ) ,α = (1 + δ)α and we find the ground state of only one-center with zero energy and momentum and electric charge (1 + δ)α.
• Next, we consider the doublet: n = 1 , m = 1 m = 2 . The eigenfunctions are of the form
where the ξ 
The basic solutions, corresponding respectively to the choices c
1q+ = 0 and c
Henceforth,
11 (u)ξ (r, ϕ) .
• Finally, we address the triplet state n = 1 , The basic solutions for q = 1, 2 are: 
10 (r, ϕ) .
Further comments
We end this long survey by thinking about further possible extensions of these ideas and calculations to other classical integrable systems. The supersymmetric modified Euler/Coulomb problem in R N does not pose more difficulties than those encountered in this paper because all the N − 2 additional variables are cyclic.
2. It will also be interesting to build the supersymmetric extension of the Kepler/Coulomb problem constrained to a sphere. This problem in the non supersymmetric framework was addressed independently by Higgs and Pronko in [58] and [59] . The supersymmetric generalization will require to deal with all the subtleties of spinors living in non-flat manifolds. The metric, the N -bein, the spin connection, and the like will enter the supercharges one way or another to make the system more intricate, see e.g. [41] where supersymmetric systems in curvilinear coordinates are constructed.
The Euler problem considered on a sphere, see [60] , is also a fairly well known integrable system with applications in celestial mechanics. It seems promising and interesting to work out the corresponding supersymmetric extension.
3. Another important integrable system is the Neumann problem [61]: a particle forced to move on a sphere under the action of attractive elastic forces. This has been a source of inspiration for treatises on dynamical integrable systems, see [62] and [63] , and it has been applied, in the repulsive case, by some of us to study topological defects in nonlinear sigma models with quadratic [64] and quartic [65] potentials. We believe that the supersymmetric extension of the quantum version of the Neumann problem will provide a physical example of the systems envisaged by Witten in [5] to construct a quantum derivation of Morse theory.
4. The Bosonic zero modes ψ
00 (r, φ) in (3) and ψ
01 (u, v) in (19) have been easy to find. The Fermionic zero mode ψ (1) 0 (x 1 , x 2 ) (28) in the two center problem was discovered by means of supercharges defined in elliptic coordinates, translated back to Cartesian coordinates, and checked within a Mathematica environtment. A Fermionic zero mode in the one center problem, however, does not exist [2] , [42] . This is very intriguing and compels us to study SUSY quantum mechanics in curvilinear coordinates in a more profound way. The way forward to and backward from the curvilinear to Cartesian coordinates of all these structures is highly non-trivial, see [41] for early attempts in this program. We think that the difficulties with the zero modes have a similar origin to the subtleties arising in the definition of spinors on curved manifolds. We plan to analyze this issue in a future publication.
